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Abstract
We present a embedding of Lewis Deontic logics in PUC-Logic. We achieve this by representing the very
basic CO logic and showing its relative completeness.
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1. Deontic logics
In [1, 2], Lewis presented his approach for Deontic logics based on systems of spheres in comparison to
other formalisms. In [1], he presented two possible definition of the operator O, based on his counterfactual
operators  and . In [2], he gave the definition of four value structures. The definition based on a
nesting $ over the set I is equivalent to the definition of the truth of the operator. For this reason, we
take O(φ|ψ) = ψ  φ as suggested in [1]. This deontic operator can be expressed in terms of labels as
follows:
Definition 1.
O(αΣ/βΩ) ≡ (βΩ,• ∧ (βΩ → αΣ)∗)⊚
P (αΣ/βΩ) ≡ ¬O(¬(αΣ)/βΩ)
We prove here that the PUC-ND is complete for the CO-logic according to the axioms and rule of inference
below. We write A for αΣ, B for βΩ and C for γΘ.
R1 All tautologies;
R2 Modus Ponens;
R3 If A ≡ B is theorem, then O(A/C) ≡ O(B/C) is a theorem;
R4 If B ≡ C is theorem, then O(A/B) ≡ O(A/C) is a theorem;
A1 P (A/C) ≡ ¬O(¬A/C);
A2 O(A ∧B/C) ≡ (O(A/C) ∧O(B/C));
A3 O(A/C)→ P (A/C);
1Thanks to PUC-Rio for the VRac sponsor. Thanks to DAAD (Germany) for the Specialist Literature Programme.
A4 O(⊤n/C)→ O(C/C);
A5 O(⊤n/C)→ O(⊤n/B ∨ C);
A6 (O(A/B) ∧O(A/C))→ O(A/B ∨ C);
A7 (P (⊥n/C) ∧O(A/B ∨ C))→ O(A/B);
A8 (P (B/B ∨ C) ∧O(A/B ∨C))→ O(A/B).
From Fernandes[16]
Lemma 1. Given a theorem αΣ, there is a proof of αΣ in the context {N, u}, in which the variables N and
u do not occur in the proof.
We now present a proof for each rule and axiom:
(R1) From completeness of PUC-ND;
(R2) Modus Ponens is a valid rule in PUC-ND;
(A1) By definition.
(R3) Given some proof Π ⊢ (A → B) ∧ (B → A), by lemma 1 and rule 1 of PUC-ND, we have a proof
Ψ ⊢N,uN,u A→ B. We present the proof of O(A/C) → O(B/C). The proof of O(B/C)→ O(A/C) is similar.
(R4) Given some proof Π ⊢ (B → C)∧ (C → B), by lemma 1, we have a proof Ψ ⊢N,uN,u (B → C)∧ (C → B).
We present the proof of O(A/C)→ O(A/B). The proof of O(A/B)→ O(A/C) is similar.
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Conclusions
We could represent the rules and axioms of the very basic CO logic and prove its relative completeness
in PUC-Logic framework. It means that every deontic logic proposed by Lewis can be represented and has
its completeness in PUC-Logic.
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